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I. INTRODUCTION 

Higher dimensional spacetime are a subject of great interest in the grand unify theories. Historically, the first higher 
dimensional theories is the famous Kaluza-Klein theory which trying to unify the 4 dimensional general relativity(GR) 
and Maxwell theory [l|. Recent theoretical developments reveal that higher dimensions are perfered by many theories, 
such as the string/M theories^, AdS/CFT correspondence Q, Brane world scenario[3, and so on. In the past 
decades, many aspects of these higher dimensional theories have been extensively studied. Particularly on the issues 
related to Black holes and cosmology. In fact, higher dimensional cosmology receives increasing attentions, and 
becomes a rather active field with fruitful results. For instancejSome of the higher dimensional cosmological models 
can naturally explain the accelerated expansions of Universe[a Q- 

Loop quantum gravity(LQG) is a quantum gravity theory trying to quantize GR with the nonperturbative 
technicals [8l-[TTI|. Many issues of LQG have been explored in the past thirty years. Among these issues, loop 
quantum cosmology (LQG), which is the cosmological application of LQG receives particularly interest. Recently, 
LQG becomes one of the most thriving and fruitful directions of LQG p^ - fl^ . Gne of the most attractive features 
of this theory is that LQG is a singularity free theory. In LQG, the cosmological singularity which is inevitable 
in classical GR is naturally replaced by a quantum bounce |1 71. Il8l |. Although LQG a fruitful theory, nowadays all 
the discussions are still limited to the four spacetime dimensions. Recently, LQG has been generalized to the 2+1 
dimensional case[l^. Hence one is naturally to ask is it possible to generalize the structure of LQG to the higher 
spacetime dimensions? 

However, this is not an easy task, essentially because LQG is a quantization scheme based on the connection 
dynamics, while the SU{2) connection dynamics is only well defined in three and four dimensions. And thus can 
not been generalized to the higher dimensional gravity theories. Fortunately, this difficulty has been overcame by 
Thiemann et. al. in the series of paper [20l - l^ . The main idea of is that in n+1 dimensional GR, in order to obtain 
a well defined connection dynamics, one should adapt SO{n + 1) connections rather than the speculated SO{n) 
connections. With this higher dimensional connection dynamics in hand, Thiemann et. al successfully generalize the 
LQG to arbitrary spacetime dimensions. Since the 2 + 1 dimensional case is already studied in [l^. The purpose of 
this paper is to investigate the issue of the n+1 dimensional LQG, with n > 3 under this generalized LQG framework. 

This paper is organized as follows: After a brief introduction. In Section I hJ we first review the classical connection 
formalism of n+1 dimensional LQG, and then we use it to derive the cosmological Hamiltonian through the symmetric 
reduction procedure. In section Ell we give a detailed construction of the quantum theory of n + 1 dimensional LQG 
and derive the difference equation which represents the dynamical evolution of the n+1 dimensional Universe. Then 
we briefly discuss the singularity resolution issue in the llVI The effective Hamiltonian as well as the modified effective 
dynamical equations are obtained in section |V] and IVII respectively. Some conclusions are given in the last section. 


II. CLASSICAL THEORY 


To make this paper self-contained and also convenient for the readers, we first review some basic elements of classical 
n + 1 dimensional gravity concerned in this paper. The connection dynamics of n+1 dimensional gravity with a guage 
group SO{n + 1) or 50(1, n) is obtained in [^. The Ashtekar formalism of n+1 dimensional gravity constitutes a 
50(1, n) connections and group value densitized vector 7r|j defined on an oriented n dimensional manifold 5, 

where a,b = 1, 2. n is the spatial indices and /, J = 1, 2, 3 ... n denotes 50(1, n) group indices. The commutation 

relation for the canonical conjugate pairs satisfies 

{Aaij{x),T:''^^[y)} = 2K-i5fj5^^5l6{x,y) ( 2 . 1 ) 

where k = SttG and 7 is a nonzero real number. Here the satisfy the “Simplicity constraint” [ 2 ^ and can be 

written as = 2y/hh°^^'n\^ea\ where the spatial metric reads hab = ^a^bi, is a normal which 

satisfy e^rifc = 0 and n^nx = —1. Moreover, the densitized vector satisfies hh°'^ = , where h is the 

determinant of the spatial metric hab- Aj/ is a 50(1, n) connection defined as A^*^ = F^'^ + qAT^'^, here F^'^ and 
are n dimensional spin connection and extrinsic curvature respectively. Besides the Simplicity constraint, the n+1 
dimensional gravity has three constraints similar with 3+1 dimensional general relativity }^ 1^ 


:= Vair’^^^ := + 2A^l ( 2 . 2 ) 

Va = ^^EabljTT^^-', (2.3) 

27 

ffgr = (EabUTT'^'^Tr’^K'^ + {F-\l J^bK " 2(1 + J^)KaIKbJE<^ 


(2.4) 
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where Fahij = 2i9[aAf,]/j + 2Aa[i\K-^b^\j] is the curvature of connection Aaij, and with 

K'[kl being the transverse and traceless part of extrinsic curvature K^kl- Moreover, we have [F ■ 
with iyj = — n^nj. 

Now let us consider the n + 1 dimensional isotropic and homogenous k = 0 Universe. Its line element is described 
by the n+1 dimensional Friedmann-Robertson-Walker (FRW) metric 

ds^ = -N'^dt^ + a^{t)dn^ 

where a is the scale factor and is the n dimensional sphere. We choose a fiducial Euclidean metric °qab on 
the spatial slice of the isotropic observers and introduce a pair of fiducial orthnormal basis as such that 

°qab = The physical spatial metric is related to the fiducial one by qab = a^°qab- Then the densitized vector 

n-1 _ 

can be expressed as Ej = pVg " thus the 7 r“^‘^ and spin connection Al’’ respectively reduce to 

(2.5) 

Ai^ = ( 2 . 6 ) 

In the following, for simplicity, we will fix the fiducial volume Vq = 1- By using the classical expression 7 r“^'^, A\^'^ and 
comological line elements (12.51) . one can easily yields 

p = , c = jd (2.7) 

These canonical variables satisfy the commutation relation as follows 

{c,p} = ^ (2.8) 

For our cosmological case. The Gaussian and diffeomophism constraints are satisfied automatically. For the Hamil¬ 
tonian constraint, we first note that in our cosmological situation, the extrinsic curvature only has the diagonal part. 
Hence the transverse traceless part of extrinsic curvature identical to zero. Therefore the second term of the 

Hamiltonian constraint is vanishing. Moreover, the spin connection F is also zero for our homogenous and isotropic 
Universe. Thus a simple straightforward calculation shows KKEE term proportional to Ftttt term. Combining all 
the above ingredients together, the Hamiltonian constraint (12.41) reduces to 


H nr — T 


^alK^b^J 




^ablj- 


'/h 


(2.9) 


Now, as in the 3-1-1 dimensional LQC, we also consider a minimally coupled massless scalar field (j) as our matter field. 
The total Hamiltonian now reads 


1 ^alK^b J 

Hrotal = -T^FablJ -^ ( 2 . 10 ) 

2^72 yfh 2 Vh 

where the p^ by definition is the conjugate momentum of massless scalar field (j). The Poisson bracket between scalar 
field (j) and conjugate momentum p^ reads {<(>,^ 0 } = 1. In the cosmological model we consider in this paper, this 
Hamiltonian therefore reduces to 


Hrotal 


n(n — 1 ) 

2K"f^ 


c^p 


^-2 



( 2 . 11 ) 


Since at the classical level, this 5*0( 1, n) connection dynamics formalism is equivalent to the n-l -1 dimensional Arnowitt- 
Deser-Misner(ADM) formalism!^. While in the cosmological situation, the ADM formalism will led to the classical 
Friedmann equation. Thus as a consistent check of our symmetric reduction procedure, we need to reproduce n-f 1 
dimensional Friedmann equation with our Hamiltonian (12.111) and commutation relation (12. 8 |) . To this aim, we 
calculate the equation of motion for p which reads 

^ n — 2 

P = {P, Hrotal} = - cp~ (2.12) 

7 


By using the Hamiltonian constraint we successfully reproduce the classical n-l-1 dimensional Friedmann equation 

, 2 

H^ = ' 


P 


(n — l)p J 


1 2(n-2) 

c p "-1 


2k 


p; 


2k 


^in-l)2p^ n(n-l) 


(2.13) 
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where 


2 2 

pi pi 

P= 7^ = - —■ 

2p— 


(2.14) 


are the Hubble parameter and the matter density in n+1 dimensions respectively, 
equation, namely the so-called Raychauduri equation which evolves second order time 
be obtained by combining the continuity equation in n-|-1 dimensions p + nH{p+p) = 


Moreover, another dynamical 
derivative of scale factor a can 
0 with the Friedmann equation 


a 2 k k 

- = -ttP- tKP+p) 

a n[n — 1) n — 1 


(2.15) 


III. QUANTUM THEORY 


Now we come to the issue of quantize the cosmological model, we first need to construct the quantum kinematical 
Hilbert space of n-|-l dimensional cosmology by mimicking the 3-1-1 dimensional loop quantum cosmology. This 
quantum kinematical Hilbert spaces are constituted the so-called polymer-like quantization for geometric part while 
Schrodinger representation is adopted for the massless scalar field part. The resulted kinematical Hilbert space for 
the geometry part reads = L'^{RBohr,dpH), where Rsohr and dpn are respectively the Bohr compactification 
of the real line R and the corresponding Haar measure on it [l3]- On the other hand, follow the standard treatment 
of LQC, we choose Schrodinger representation for the massless scalar field [l^. Thus the kinematical Hilbert space 
for the matter field part is defined as in usual way as = L'^{R,dp). Hence the whole Hilbert space of n-fl 
dimensional loop quantum cosmology take the form of a direct product, "Hkin := O ^kin- Now let |/i) be the 
eigenstates of p in the kinematical Hilbert space R^^^ such that 'p\p) — — ^^p,\p). These eigenstates \p,i) 

obey the orthonormal condition {pi\pj) = with being the Kronecker delta function rather than the Dirac 

delta function. In n-l-1 dimensional quantum gravity, the n — I dimensional area operator is quantized just like their 
counterparts in 3-1-1 dimensions, the discrete spectrum of this n — 1 dimensional operator reads 

= kHj Yi VHl + n-1) = 8^7(4)"-' I] V^(/+ n - 1) (3.1) 

I I 


where the / is integers and £p = "~^Gh being the Planck length. The interpretation of I is that for every edge, we can 
associate a simple representations of SO{n + 1) which is labeled by its corresponding highest weight A = (/, 0,0,...) 
with / being an integer. This equation tells us the existence of minimal area gap, which is given by 

A„ = y/nkh'y = (3.2) 

Note that the quantization of area refers to physical geometries in 3-1-1 dimensional lqc[I 3, we generalize this 
argument to our n-l-1 dimensional LQC. We take the n-1 dimensional cube, every vertex of the cube has n-1 edges, 
and the holonomy loop Dij constitutes by its arbitrary two edges from one vertex. Now we should shrink the holonomy 
loop Dij till the n-1 dimensional area of the cube, which is measured by the physical metric qab, reaches the value 
of minimal n-1 dimensional area A„. Since the physical n-1 dimensional area of the elementary cell is \p\ and each 
side of Oij is A times the edge of the elementary c ell, in order to compare with 3-1-1 dimensions, we also use a specific 
function fi{p) to denote A, and similar to that in [^, we have 

/2"“^(p)|p| = A„ = 8yn7r7(£p)”“^ (3.3) 


It is easy to see when n = 3, the above formulation goes back to the famous p scheme in 3-1-1 dimensions. For the 
convenience of studying quantum dynamics, we define the following new variables 


V := 


2{n 


-1)A 


-P 


b := pc, 


where p = with A„ being a minimum nonzero eigenvalue of the n dimensional area operator [l3 |. It is 

easy to verify that these new variables satisfy the commutation relation {b,v} = It turns out that the eigenstates 
of V also constitute an orthonormal basis in the kinematical Hilbert space We denote \(j),v) as the generalized 
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orthonormal basis for the whole kinematical Hilbert space 'Hkin- For simplicity, in the following, the \4>tV) will be 
abbreviated as |z;). 

The action of volume operator V on this basis |u) reads 


V\v) = 


/iK7(A„)’ 


.) = 


(A„)^ 


.) = 


47r7(A„ 


vr-^\v) 


2(n-l) 4(n - l)\/3'“""' (»t-“ 1) 

The Hamiltonian constraint need to be reformulated in terms of these (&, v) variables as 


(3.4) 


Hj' = — 


-c 


n{n- 1 ) 
2^7^ 
nh 


pI 


2p"-i 


47(A„)"-i 


/ 2 (n-l) \ pI 

\hKj{A„)~ J 2|?^| 


(3.5) 


Note that we adapt polymer representation for geometric part, in the quantum theory, the connection should be 
replaced by the well defined holonomy operator. In our cosmological setting the holonomy reads 


Kj = cos(^) + 2tij sin(y) 


(3.6) 


where r/j = —7[7/,7 j] with 7/ being the gamma matrices constitutes a representation of SO{n + 1) . On the other 
hand, the curvature can be expressed through holonomy as 


Fabij = -2 hm Tr - 

- \ 

K\J] 


MN 


- 1 


or)KLor\MN ^ 

Tij 


Ar\j^0 
2 


_^sin (/rc)„^[/ 

— ^ -2 “6 


where we consider a square □ and 


{h^)ij,KL = hjjhKLhjjhj^^ 


(3.7) 


(3.8) 


denotes the holonomy along a closed loop □. Every edge of the square has length A(Vb)" with respect to the fiducial 
metric and the Ar \2 denotes the area of the square. 

Now our task is to implement the Hamiltonian constraint at the quantum level. To this purpose, we first need 
to rewrite the Hamiltonian constraint with a suitable manner. This is inevitable because the expression of classical 
Hamiltonian constraint involves inverse of the determinate of n-metric and thus can not be promoted as a well defined 
operator on the kinematical Hilbert space. In 3+1 dimensional case, this difficulty can be overcome by using the 

well known classical identity t t/}[g|_ However, this expression need to be generalized in n+1 


+9 

dimensional case. Interestingly, the treatment of the quantity 


Ja\IKb]J 


y/h 


— can be divided into two different sectors 

First we note 


according to spacetime dimensions, namely, even dimensional sector and odd dimensional sector}! 
that 

77 _ 1 


(3.9) 


^[a\IK^b]J 

now the quantity- ^ ^ appearing in Hamiltonian constraint can be constructed with these basic building blocks. 


A. Even dimensional sector 


For the case of the spacetime dimensions n + 1 are even. We let s = , 

classical identity [1^ 


and note that we have the following 


TT 


[a\IK^b^J 


y/h 


_2_ abcaib\...as — \bs — \ /J/CL/iJiiJg —i 

4(n-2)! 

Ki Ks-i rr' 


(3.10) 
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Since in the quantum theory, the connection should be replaced by the well defined holonomy operator, thus we can 
rewrite the Hamiltonian constraint as follows 


jr _ 1 




ablj ~ 


,la\IK^bU 


1 


abcaibi ...as — ibs — i^IJKLI\Ji...Is — iJs — i 


^/h 8(n-2 )!k’^- 17” 


(n- 1) 


n—2 


1 


(3.11) 


At the quantum level, the connection is not a well defined operator, thus we replace it by holonomy. To this aim, 
first we observe that {A^,V}tij = {cr/j, = —^hij{hjj,V}°^lA- Moreover, Since we have the following 

identity 


^ ^abcaibi...aii-ibs-i ^IJKLIiJi...Is-iJs-l 


2n\ 


) (3-12) 

according our convention, the spatial integral of above equation gives J = Vb = 1. Combining these facts 

with Eg. (13.71) and use the commutator to replace the Poisson bracket, we obtain the exact expression of Hamiltonian 
constraint: 


n—1 


^ ^ (-1)" ^n(n-l) 


siAAc) (sin(y)V'cos(y) - cos(y )Hsin(y)) 


n-2 


= sin(^c)Fsin(/ic) 

where the action of E on a quantum state 'I'(w) is defined by 

nh 


= -- 


2"7(A„)^ 

Interestingly, when n = 3, the above Hamiltonian operator reads 

6i 


— |u| (|n — 1| — |n + 1|)" 'I'(u) = F(vA{v) 




sin^(Mc) (sin(y)Hcos(y) - cos(y)Hsin(y)) 


(3.13) 


(3.14) 


(3.15) 


which has exactly the same form with 3+1 dimensional LQC Hamiltonian operator[l3. The action of Hamiltonian 
operator dfgr on a quantum state 'l'(n) G "Hkin led to a similar difference equation as that in 3+1 dimensional LQC 


iJgr4'(w) = f+{v)'^{y + 4) + /o(w)4'(w) + f-{v)'i'{v - 4) 


(3.16) 


where 

fAv) = -\f{v + 2) = + 2|) (In + 1| - In + 3|)"-^ 

4 2"+27(A„) — 

/_(n) = -iF(n-2) 

/o(n) = iF(n + 2) + iF(n-2) (3.17) 

Now we turn to the inverse volume operator which is appearing in the matter field part. As such, we first define the 
_/2 

quantity |p| ' in the following way 




sgn(p)-rTr V' 


■"h 


ij 


{h 


-1 
IJ > 


IJ 



(3.18) 


Note that under the replacement {, } —)> A[, ], we have 


Tr(j2r^^hu[hj},V^- 


IJ 


/re ,/rc . ,^JC \ 

2 (sm(y)H 2" cos(y) -cos(y)H 2„ sm(y)j 


(3.19) 










7 


Since in the classical level we have V ^ = |p| , Thus the action of inverse volume operator on a quantum state 

'I'(u) is just the suitable power of the Eg. (13.181) as follows 




2n 




2(n — 1) f ^ 
Kjh(An)^ Vn - 1 
B(v)'l'(v) 


2(n-l) J 



\v + 1| — 




|n — 1| 






(3.20) 


In the semiclassical region, namely in the large v region, the eigenvalue of the inverse volume operator V~^ approaches 
to its classical value and turns out to be 


( 2(n-l) \ ^ 


(3.21) 


Collecting all the above ingredients, and note that ■p^^(v,(l)) = we finally obtain the full quantum 

Hamiltonian constraint 


2 d^(t> 




(3.22) 


B. Odd dimensional sector 


For the case of the spacetime dimensions n + 1 are odd. We let s = , and note that we have the following 

classical identity 


^[a\IKb]J 1 


2(n-2)! 






(3.23) 


where the can be written in terms of iTaij as 

1 


Js+i 

n\ 

_ Ki Ks+i rr^- 

— ■ ■ ■ '^as+iIs+iKs+i'^bii+iJs+i'^^ 


(3.24) 


Thus we can rewrite the Hamiltonian constraint as follows 




d^Fa 


.[a\IKb]J 


blJ- 




^aha\hi...ashs ^IJ KI\J\...IsJs 2 


y/h 4(n- 2 )!k"- 17 " 

I dE [F,MjnK{A,,i,K, , V}{AIx , ^}) 


In—2 


(3.25) 


Follow the recipe prescribed last subsection, by replacing the connection by holonomy and the Poisson bracket by the 
commutator we obtain the quantum Hamiltonian constraint operator 


_ „(■„ _ j^)4n-322n-3 


sin^(Mc) (sin(y)F 2:;-2 cos(y) - cos(y)F""-" sin(^)) 


2n-2 


= sin(/j,c)Fsin(^c) 

where the action of F on a quantum state 4 /( 11 ) is defined by 

nh{n — l)2"-2 


(3.26) 


F^{v) = - 


^|^|2 ^ 1 ^ _ _ 1 ^ + ^ = F{v)'i>{v) (3.27) 


4(2n-3)2"-27(A„) — 
























This operator acts on a quantum state G "Hkin, gives a difference equation 


Hgr'^iv) = f+{v)'i>{v + 4) + fo{v)'i>{v) + - 4) 


(3.28) 


where 


... 1^, n?i(n — 1)^" ^ 

f+{v) = -^F{v + 2) = -^ 

4 16(2n-3)2"-2q(A„) — 

f_iv) = -\Fiv-2) 

fo{v) = jF{v + 2) + ^F{v - 2) 


ri + 1| 


2n-3 \ 2n—2 


2n-3 \ 

31 2.-2 j 


(3.29) 


The action of the inverse volume operator keeps the same form as in even dimensional case. Therefore, the full 
quantum Hamiltonian constraint also turns out to be the following 


, B{v) d'^^{v, 0) 
2 


= Hsr'Siv) 


(3.30) 


IV. SINGULARITY RESOLUTION 


Now we come to deal with the issue of the singularity resolution. In order to proceed, we take the same strategy which 
adopted in [l8l |. To be more specifically, we first make some reasonable simplifications on our quantum Hamiltonian 
constraint equation such that the whole dynamical system becomes simlper and exactly solvable. Then the discussion 
of the issue of singularity resolution will be made within this exactly solvable formalism[l^. We make the following 
replacements as in(T^: 


B{v) 


and 


F{v) 


2(n- 1) 


nh 

47(A„)^ 


rc ■ 


The validity of the first replacement amounts to assuming (!I(|^) <C 1, which also in turn implies the second replace¬ 
ment. 

In the corresponding quantum theory, the Hamiltonian constraint equation now reduce to 


= -0vk(^) 

d^2 


4(n — 1) 

UK 


16(n — 1) 


t!sin(6)usin(6)4'(t!) 

V [(?; -I- 2)4'(r! -|- 4) — 2z;4'(r!) -f (f — 2)4'(z; — 4)] 


(4.1) 


here we denote quantum state 'I')?;) = '^{v,(p) for short. The Eg. (14.II) gives rise a Klein-Gordon type equation. The 
physical state for the quantum dynamics of n-l-1 dimensional LQC thus is given by the “positive frequency” square 
root of the Eq. grj as 


0(j) 


(4.2) 


Note that here exists a superselection ambuguity, namely, for any real number e G [0,4) the states supported 
on points z; = 4fc -I- e with k being an integer lead to the same dynamics. Thus as in[l9| we just fix e = 0. Moreover, 
note that because the state |0) has zero norm thus it is excluded out of the physical Hilbert space. The physical inner 
product between two states reads 


< 4'i,4'2 >phy--= - V t^4'i(?^) 4'2(?^) 
TT m 

v^4k ' ' 


(4.3) 
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Note that (b,v) forms a canonical conjugate pair, thus the Fourier transforms 5'(&) has a support on the interval 
(0,7r). Therefore the Fourier transformation and its corresponding inverse transformation are defined respectively as 


v—Ak 


= - [ e-i^^-^{b)db 
Jo 


(4.4) 


Now we set x(u) = then the constraint Ea. (l4.1l) becomes a second-order differential equation 


5^x(6) UK, 
d'^cj) n 




We define the following new variable x to make this equation more simpler, 


In — 1 ( b 

X = \ l -In tan(-) 

UK \ Z 

Then the constraint Eq. (14.51) becomes the standard Klein-Gordon type equation 


(4.5) 


(4.6) 


d\{b) ^ d\{b) 

The physical Hilbert space is the span of positive frequency solutions to Eq. (l4Tt . This equation can be further 
simplified if we decompose the solution into left and right moving sectors as 


Xix) = xl{x+) +XRix-), 

here x± = (p ± x. In addition, x{x) has a following symmetry 

x{-x) = -x{x)- 

This feature enables us to make a further decomposition 


(4.8) 

(4.9) 


X{x) = -^{F{x+) - F{x-)). 


(4.10) 


where F(xzf) by definition are negative/positive frequency solutions to Eg. (14.71) . The physical inner product (14.31) 
now reads 


< Xl,X2 >phy-= i 


dx 


dF,{x+) 

dx 


F2{x+) - 


dFi (x-) 
dx 


F2{X-) 


Now the expectation value of the volume operator can be calculated as follows 
{y)\4> = (x, V\^x)phy = \v\x)phy 


2 (n- 1) 


_ . hKxjAn)’^- 

2(n — 1) 

_ hKxjAn)^ 

(n-l)V? J- 

= V+e'^* + E-e 


-ly [(^) - (^) 


dx 

OO 

-VP<I> 


dF 


dx 


cosh(v^(a: - (p)) 


(4.11) 


(4.12) 


where /3 = and 

^ n— I 




(n - l)y/P 



2 

e^'^^dx 


(4.13) 


From Eg. (14.121) . it is clear that the expectation value of V admits a nonzero minimum Vmin = 2-^E)_E_. This 
implies that all states undergo a big bounce rather than experience a singularity which has zero expectation of volume 
operator. To justify this conclusion, let us turn to matter density p = (pI^q). if our picture is right, this important 

physical observable should have a upper bound. The classical definition of matter density reads p = ^ and we can 
see that the matter density will to into infinity at the singularity point as the volume will going to zero. Thus as 
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a comparison we calculate the expectation value of p, if the singularity is really resolved, the expectation value of 
matter density must have a upper bound. To this aim, we first need to know the matrix elements of the observable 
which reads 


^ ^ ^1-) P(pF2 ^phy — 



dF 2 (x) 
dx 


dx 


(4.14) 


Now we use a fixed state x(x) = {F{x+) — F{x-)) to calucate the expectation value of matter denstiy at the 

moment of (f>o 


(pUo) 


m)? 

mw 

(n — l)^l3h^ 


r dxm 

J — oc \ ox 


I- 


dx\ 75— 
oo I ox 


‘ cosh(v^x) 


1 2 


n(n — 1) 

2 — Pc 

2/c72(A„)"-i 


(4.15) 


where we use the fact cosh(-v/^a;) > 1 in the second line. An interesting fact is that, in section |V] we will found that 
this upper-bound of the expectation value of matter density coincides with the critical matter density which yields 
from the effective Friedmann equation. 


V. EFFECTIVE HAMILTONIAN 


One of the most delicate and valuable issue is the effective description of LQC, since it predicts the possible quantum 
gravity effects to low-energy physics. Both the canonical [23 - 1?^ and path integral perspectivefl^-ls^ of the effective 
Hamiltonian of LQC has been studied. 

With the Hamiltonian constraint equation gH) in hand, we now derive the effective Hamiltonian within the n -|- 1 
dimensional timeless path integral formalism. In the timeless path integral formalism, the dynamics are encoded into 
the transition amplitude which equals to the physical inner product (^. [^. i.e., 

/ Oio 

da{vf,(j)f\e'‘°'^\vi,(t)i), (5.1) 

where the subscript of i and / represent for initial and final state, and C = Q + As shown in [2^, |3^, by 

inserting some suitable complete basis and do multiple group averaging. Eg (15.II) is equivalent to calculate 

I . T 

i ^ eoimC ’T —^ f -p-r A 

(u/,(()/|e \vi,(j)i)= ^ (()),„|('Um|e*''“"*‘^|um_i)|())m_i). (5.2) 

vi-i,...vi m—1 


Note that the action of the constraint equation has the Klein-Gordon type, and thus its action on the gravitational 
part and the scalar field part can be calculated separately. So we first calculate the matter part and get 




/ -2 
ieoL 

(<(>m \p<j>^ ) {P4>m 16*“™ I ((im,-1) 


f**-‘ 


ie{ 


P4>m. 


-\-Ckn 


0 


For the gravity part, we expand the exponential and neglect the higher order terms give us 

d(l)m{4^m\{Vm\G \Xm—l)\4^m—l) — it(Xm ^ | (Um | C| Um —1) 1) T Cl(e ). 

By using Eq. dni, the matrix elements of {(l)m\{vrn\^\vrn-i)\4>rn-i) can be evaluated as follows 


= I d4>mdp^„F^^ 


Pci>m ' 


16(n- 1) 


v„-i- 


'^m '^m—1 




Vm —1+4 


- 26. 






(5.3) 


(5.4) 
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By using the following identity 

^ Jo 

Ea. (l5.4|) can be rewritten in a compact form 

2TTh [ d</>m(0m|(^^m|e“*“"*®|Um-l)|0m-l) 

“ 1 “ 1 




1 iOLrn,^ 


16(n — 1 ) 


'^^m —1 " 


4 sin^ bn 


Combining all the above ingredients together, the physical transition amplitude can be written as follows 
A{vf,(j)f, Vi,<j)i) 


= lim lim e 

I—¥00 OLjoT--f<yio—^oo \ 


n 

m—2 
\ I 


1 


2a,- 


daj... 


expie 


m—1 


roilo 

dai 


J —aio 


pTT 

E 

/ dbj...db^ 
Jo 


/ ^2 


“h O^TT 

( P^m 

UK 

‘ i n? 

16(n — 1 ) 


1 ■ 


'^m H" '^m — 1 


4 sin^ bn 


Under the ‘continuum limit’, the finally result of transition amplitude reads 


= c / Va / Vcj) / T>P(j) / T>v / Vh exp I — 


dr 


If- ii^rry 


sin^ 6 


where c is an overall constant which do not affect the dynamics. Hence, the effective Hamiltonian constraint in our 
n + 1 dimensional LQC model can be simply read-off as 


_pI _ 

^ef f - :._0 


UK, 


b? 4(n — 1) 

pI n{n - l)Al 2 


2 • 2 L 

V Sin 0 

sin^(/lc) 


(5.5) 


When we take the large scale limit which by definition is sin 6 —> b (or sin(/ic) —> /Ic in (c,p) representation). We 
observed that the classical Hamiltonian constraint (13.51) is recovered from Ea. (l5.5|) up to a inverse volume factor -p^. 
The reason for this is simply because the Hamiltonian constraint in the previous sections we are not using the proper 
time of isotropic observers. To considering this point, the factor -p^ then has to be multiplied to Ceff to obtain the 
correct result. As a consequence, we finally yield the physical effective Hamiltonian 

2 hKj{An)~ 


H, = =- 

kl 47(A„)^ 


u| sin^ b + 


2{n-l) 


klP> 


(5.6) 


2(n— l)^p^ 

where the n -I- 1 dimensional matter density by definition is p = - - — ^ 


VI. EFFECTIVE EQUATION 


Now we are ready to derive the physical evolution equation of the n -I- 1 dimensional Unverse, the most important 
one is of course the modified Friedmann equation. To this aim, we combining the effective Hamiltonian constraint 
Hp (15.61) with the symplectic structure of n-b 1 dimensional loop quantum cosmology, one can easily obtain equations 
of motion for the volume v and the scalar field (p respectively as 

Tl 

v = {v,Hp} = -^|u| sin( 6 ) cos( 6 ), (6.1) 

7(A„) — 




4(n - l)p 0 
hK'Y{An.)'^\v\ 


( 6 . 2 ) 
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By using Eq. (lO) . it is easy to see that 


H^=\-\ =1 — 1 = 

nv 


7^(Ari 


■ sin^(&) cos^{b). 


(6.3) 


Since the right hand side of the above equation evolves sin^( 6 ) cos^( 6 ), thus has some relation with the effective 
Hamiltonian constraint (15.61) . In fact, the the effective Hamiltonian constraint Hp = 0 can be rewritten as the 
following compact form 


sin'^ b = 


2 At 72 (A„)"-ip p 


i{n — 1 ) 


Pc 


(6.4) 


Here we define pc = — a as the n + 1 dimensional critical matter density. As shown in section m this Pc in 

2^72 (A„) n — \ 

fact is the upper bound of the matter density. With the help of this equation, the modified Friedmann equation reads 


= 


2k 


n{n — 1 ) 


p 1- 


P 


(6.5) 


From Eq. (16.51) . it is easy to see that when p = pc, we have u = 0, which implies the existence of a quantum bounce 
at that point. To justify this, we calculate the second derivative of v at the point oi p = Pc 


^lp=Pc ~ {'*^5 ■^f’}lp=pc ~ 


72(A„)^ 


\v\ 0 


( 6 . 6 ) 


Obviously, this implies a quantum bounce occurs at that point. Moreover combining the continuity equation(which 
is nothing but the equation of motion for scalar field 4>) in n +1 dimensions 


p + nH{p + p) = 0 


(6.7) 


with Eq. (1631) . we can easily obtain another dynamical equation of the n+1 dimensional Universe which is so-called 
Raychauduri equation with loop quantum correction 


2k 


i(n — 1 ) 


p 1- 


P 


77—1 


(p + p) 1 - 


2 p 


( 6 . 8 ) 


VII. CONCLUSION 

In this paper, a detailed construction of the n+1 dimensional LQC is presented. We start from the classical 

connection dynamics of n + 1 dimensional general relativity, and then using the nonperturbative loop quantization 

method, we find that the dynamical evolution of the n+1 dimensional Universe is fully determined by a difference 

equation. Interestingly, in the quantum theory, even dimensional sector and odd dimensional sector are exhibiting 

qualitative different features. In order to obtain the effective equations of n+1 dimensional LQC which contain 

quantum corrections to the classical equations. We then generalize the timeless path integral formalism of LQC to 

n+1 dimensional case and use it to derive the modified effective Hamiltonian of n+1 dimensional LQC. Based on this 

effective Hamiltonian, the Friedmann equation as well as the Raychauduri equation with loop quantum correction is 

obtained. Our results indicate that the classical singularity is resolved by a quantum bounce in arbitrary spacetime 

1 

dimensions. In addition, we find that the heuristic replacement c —>■ with p = works not only for the 

3+1 dimensional case, but also for the more general dimensional case. 

One of the interesting question of n + 1 dimensional LQG with gauge group SO{n + 1) is that, when n = 3, namely, 
in four dimensions, we have two LQG theories. One is usually SU{2) LQG, while the other one is S'0(4) LQG. Does 
these two theories equivalent to each other? in this paper we show at least at LQG level, they are indeed equivalent 
to each other if we identify the critical matter density pc of these two theories. Since the critical matter density are 
closely related with the minimal area of the corresponding quantum gravity theories, and note that there has one 
parameter ambiguity 7 in the definition of minimal area in Eg. (13.21) . Thus at LQC level, the SU{2) LQC and iS'0(4) 
LQC in fact is the same theory with the difference choice of the immirzi parameter 7 . 

Our work offers possiblity to explore the issues of LQC with the spacetime dimension higher than four. In particular, 
nowadays, higher dimensional cosmology becomes a rather popular and active held. For example, by using the 
dimensional reduction method, the cosmic acceleration can be naturally explained by some hve dimensional models 
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0. Hence it is also very interesting to study these issues with our higher dimensional LQC, Moreover, results we 
developed in this paper lay a foundation for the phenomenological investigations to possible quantum gravity effects 
in higher dimensional cosmology. 

Another interesting topic is to derive the LQC directl y fo r the LQG. In 3+1 dimensional case, some interesting 
efforts have been made towards this important direction[33|-l35j. It is quite interesting to discuss this topic in our 
n + 1 dimensional LQC setting, and we will leave all these interesting and delicate topics for future study. 
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